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Abstract
We investigate the ground state properties of a gas of interacting particles
confined in an external potential in three dimensions and subject to rotation
around an axis of symmetry. We consider the Gross–Pitaevskii (GP) limit of
a dilute gas. Analysing both the absolute and the bosonic ground states of the
system, we show, in particular, their different behaviour for a certain range of
parameters. This parameter range is determined by the question whether the
rotational symmetry in the minimizer of the GP functional is broken or not.
For the absolute ground state, we prove that in the GP limit a modified GP
functional depending on density matrices correctly describes the energy and
reduced density matrices, independent of symmetry breaking. For the bosonic
ground state this holds true if and only if the symmetry is unbroken.

PACS numbers: 03.75.Lm, 05.30.Jp

1. Introduction

Since the first experimental realization of Bose–Einstein condensation (BEC) in dilute gases
of alkali atoms [1, 2], much interest has been devoted to the study of their rotational properties.
Beautiful results showing the appearance of vortices and the formation of vortex arrays have
been obtained in various experiments [3, 4]. Many of the striking features of rotating Bose–
Einstein condensates are well described by means of the Gross–Pitaevskii (GP) functional,
and most theoretical investigations rely on the approximation made in its use (see, e.g., [5, 6]).

Recently a rigorous justification of the GP functional for non-rotating systems has been
obtained [7], and a proof of BEC in the ground state was given in [8]. These results do not
extend to the case of a rotating system in a simple way, however. In this paper, we investigate
the effect of the rotation. Several new features come into play. First, Bose statistics become
essential. While for the case of a non-rotating system the ground state of the Hamiltonian
is automatically symmetric in the particle coordinates, this in not necessarily the case for
rotating systems and, in fact, is shown not to be the case for the system under consideration
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here (at least for a certain parameter range). That is, it is important to distinguish the absolute
ground state from the bosonic ground state (the ground state of the Hamiltonian restricted to
totally symmetric wavefunctions), the two having significantly different physical properties.
Secondly, the appearance of vortices breaks the rotational symmetry, leading to non-uniqueness
of the minimizer of the GP functional (see theorem 1). This makes it necessary to study a
generalized GP functional, which depends on density matrices rather than densities alone.
These two properties are in fact related, as we show, the symmetry being broken if and only
if the absolute and bosonic ground state energies differ by a significant amount (of the order
of the energy itself).

The main result of this paper is that the generalized GP density matrix functional
mentioned above correctly describes the absolute ground state of the Hamiltonian under
consideration here, in a certain dilute limit. More precisely, it gives the correct asymptotics
of the ground state energy and all the n-particle reduced density matrices of the ground state
of the system. In the case of unbroken rotational symmetry, the GP density matrix functional
agrees with the usual GP functional, and these results apply also to the bosonic ground state.
This extends previous results on superfluidity in [9]. In the general case of broken symmetry,
however, we are not able to establish the precise asymptotics in the bosonic case, but we give
bounds on the corresponding energy that show in particular that its energy differs from the
absolute ground state energy by a significant amount. Moreover, this implies that the absolute
ground state has a huge degeneracy that increases exponentially with the particle number.

Before we can give the precise formulation of the preceding statements, we have to define
the system under consideration. For Ω ∈ R

3 and a realvalued V ∈ L∞
loc(R

3, dx) let H0 be the
one-particle Hamiltonian

H0 = −� − Ω · L + V (x) (1.1)

acting on L2(R3, dx). Here � = ∇2 is the Laplacian on R
3, and L = −ix ∧ ∇ denotes the

angular momentum operator. The operator H0 is the appropriate Hamiltonian for one particle
confined in a trap potential V and rotating with angular velocity Ω, in the rotating frame. To
ensure that H0 is semibounded from below, we assume that[

V (x) − ω2

4
r2

]
−

∈ L∞(R3) (1.2)

for all ω in some non-zero interval [0,�c) ⊂ R+, where we denote by [·]− the negative part,
and r denotes the radial distance perpendicular to Ω, i.e., r = |x∧Ω|/|Ω|. We call the largest
possible �c the critical angular velocity, allowing it to be infinity. Writing H0 as

H0 = (−i∇ − A)2 + V (x) − |Ω|2
4

r2 (1.3)

where A = 1
2Ω ∧ x is the vector potential of a constant magnetic field in the direction of Ω,

we see that H0 is semibounded from below for |Ω| < �c, and unbounded for |Ω| > �c. We
will henceforth always assume that |Ω| < �c. Note that the condition (1.2) on V , as well as
�c, depends on the direction of Ω, which we assume to be fixed throughout the paper, whereas
its absolute value is allowed to vary.

We also assume that lim|x|→∞ V (x) = ∞ uniformly in all directions, implying discrete
spectrum of H0. Moreover, we demand that V commutes with Ω ·L, or, in other words, it is
axially symmetric, being a function that depends only on r and z = x ·Ω/|Ω|. Without loss
of generality V � 0.

To define the N-particle problem, consider the Hilbert spaceHN = ⊗N
i=1 L2(R3, dxi ), the

N-fold tensor product of the one-particle space. The Hamiltonian corresponding to N particles
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in a trap V , rotating with angular velocity Ω, and interacting pairwise with an interaction
potential v, is given by

HN,Ω,a =
N∑

i=1

H
(i)
0 +

∑
1�i<j�N

1

a2
v((xi − xj )/a). (1.4)

Here the superscript (i) means that H0 acts on the ith part in the tensor product. The interaction
potential v is assumed to be positive, spherically symmetric and of compact support. We do
not demand it to be integrable, it is allowed to have a hard core, which reduces the domain
of definition of HN,Ω,a to wavefunctions in HN that vanish whenever two particles are closer
together than the size of the hard core. The positive parameter a appearing in HN,Ω,a determines
the range of the interaction v. We assume that v has scattering length 1 (see [7] or [10] for a
definition), implying that a−2v(x/a) has scattering length a.

We are interested in the ground state properties of HN,Ω,a for large N and small a. In
particular, the Gross–Pitaevskii limit a ∼ N−1 will be investigated. Its significance comes
from the fact that it ensures that the contributions to the energy of all the terms in the
Hamiltonian (1.4) are of the same order as N → ∞. Let EQM denote the ground state energy
of HN,Ω,a , i.e.,

EQM(N,Ω, a) = inf specHN,Ω,a. (1.5)

Besides N,Ω and a it depends on V and v, of course, but these potentials are assumed to be
fixed once and for all. From the above discussion it is clear that EQM is finite for |Ω| < �c,
and EQM(N,Ω, a) = EQM(N,−Ω, a).

A different problem is obtained by restricting ourselves to wavefunctions in HN that are
totally symmetric with respect to exchange of two particle coordinates, which corresponds to
assuming the particles to be bosons. We denote the corresponding ground state energy by
E

QM
bose(N,Ω, a), i.e.,

E
QM
bose(N,Ω, a) = inf{〈�|HN,Ω,a�〉 : � ∈ PboseHN, ‖�‖2 = 1} (1.6)

where Pbose denotes the projection onto totally symmetric functions. The two quantities
(1.5) and (1.6) are a priori unrelated, except for the trivial inequality EQM(N,Ω, a) �
E

QM
bose(N,Ω, a). For Ω = 0, i.e., the case of a Schrödinger operator, it is well known that

EQM(N, 0, a) = E
QM
bose(N, 0, a), but for Ω 
= 0 this need not necessarily be the case. In fact it

will turn out that, at least for certain values of the parameters, the two quantities are different.
Before we can state our main results, we have to introduce some functionals which will

turn out to be related to the asymptotic behaviour of the N-particle problem defined by HN,Ω,a

for large N and small a. We do this in the next section.

2. Gross–Pitaevskii functionals

We define the Gross–Pitaevskii density matrix (DM) functional to be

EDM
Ω,g [γ ] = Tr[H0γ ] + 4πg

∫
ργ (x)2 dx. (2.1)

Here γ is a one-particle density matrix, a positive trace-class operator on L2(R3, dx), and ργ

denotes its density. The corresponding ground state energy, the infimum of (2.1) under the
condition Tr[γ ] = 1, will be denoted by EDM(Ω, g), i.e.,

EDM(Ω, g) = inf
{
EDM
Ω,g [γ ] : Tr[γ ] = 1

}
. (2.2)

Note that one could equivalently define the ground state energy under the subsidiary condition
Tr[γ ] = N , or any other constant, but this can be easily related to (2.2) by a trivial scaling of
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EDM and g. Again it is clear that EDM(Ω, g) is finite for |Ω| < �c and g � 0, which we will
always assume.

The analogue of the DM functional for a two-dimensional gas was introduced in [11] as
a generalization of the standard GP functional, which is given by restricting EDM

Ω,g to density
matrices of rank 1. Equivalently, one can write

EGP
Ω,g[φ] = 〈φ|H0φ〉 + 4πg

∫
|φ(x)|4 dx (2.3)

for functions φ ∈ L2(R3, dx), and define the corresponding ground state energy as

EGP(Ω, g) = inf
{
EGP
Ω,g[φ] : ‖φ‖2 = 1

}
. (2.4)

Since one-dimensional projections are legitimate density matrices in (2.1), it is clear that
EDM(Ω, g) � EGP(Ω, g).

In the case of two dimensions both the functionals EDM
Ω,g and EGP

Ω,g were studied in [11].
Many of the results translate directly to the three-dimensional case, with minor modifications,
and we merely state them here in the following two propositions, omitting the proofs.

Proposition 1 (Minimizer of EDM
Ω,g ). For each 0 � |Ω| < �c and g > 0 there exists a unique

minimizing density matrix for (2.1) under the condition Tr[γ ] = 1, denoted by γ DM
Ω,g . This

minimizer also minimizes the linearized functional

γ �→ Tr
[(

H0 + 8πgρDM
Ω,g

)
γ
]

(2.5)

(under the same normalization condition), where ρDM
Ω,g denotes the density of γ DM

Ω,g . Moreover,
γ DM
Ω,g has finite rank. Its density ρDM

Ω,g is a bounded function, with ρDM
Ω,g(x) � µDM

Ω,g

/
(8πg),

where µDM
Ω,g is the chemical potential in DM theory, which is the ground state energy of (2.5).

Note that for uniqueness g > 0 is essential, since the ground state of H0 may be degenerate,
implying non-uniqueness for g = 0.

Because of uniqueness, we also know that ρDM
Ω,g is axially symmetric, with symmetry axis

Ω. Note that the uniqueness of γ DM
Ω,g is non-trivial. From the strict convexity of EDM

Ω,g in ργ it
follows only that ρDM

Ω,g is unique, i.e., that every possible minimizer has the same density. By
examining the ground state space of the operator appearing in (2.5) one then shows that there
can be only one density matrix with the property that it minimizes (2.5) and has ρDM

Ω,g as its
density.

For EGP
Ω,g essentially the same results as in proposition 1 are true, except for uniqueness.

Proposition 2 (Minimizers of EGP
Ω,g). For each 0 � |Ω| < �c and g � 0 there exists a

minimizing function for (2.3) under the condition ‖φ‖2 = 1. Any minimizer φ fulfils the GP
equation

H0φ + 8πg|φ|2φ = µGP
Ω,gφ (2.6)

where µGP
Ω,g = µGP

Ω,g(φ) is the chemical potential, given by

µGP
Ω,g = EGP(Ω, g) + 4πg

∫
|φ(x)|4 dx. (2.7)

One might suspect that the two minimization problems (2.2) and (2.4) are equivalent, in the
sense that the minimizer of EDM

Ω,g has rank 1, i.e, γ DM
Ω,g is a one-dimensional projection onto the

minimizer of EGP
Ω,g , which would consequently have to be unique (up to a constant phase factor,

of course). However, for Ω 
= 0 this is not true, at least not for g large enough. Theorem 1
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is the analogue of theorem 4 and corollary 2 in [11], where the case of a two-dimensional
system was considered. Since its proof is not a simple generalization of the two-dimensional
case, it will be given in the appendix. Due to some technical complications it is more difficult
to prove this theorem in three dimensions, and it will be convenient not to consider the most
general external potentials V , but to restrict ourselves to a special class with sufficiently
nice properties. The general class of V ’s which our proof applies to is rather difficult to
characterize, but sufficient conditions are easy to state. We assume them for simplicity, they
are general enough to allow for a quite large class of V ’s, but they are by no means necessary for
theorem 1 to hold, as the proof in the appendix shows.

For theorem 1 (and only there) we will assume that the external potential V fulfils the
bounds

V (x) � const (1 + rs + |z|p) (2.8)

and

V (x) � const (rs + |z|p) − const (2.9)

for suitable constants (independent of r and z) and for some exponents 2 � s < ∞ and
0 < p < ∞. Note that s � 2 is necessary for condition (1.2) to hold.

Theorem 1 (Non-equivalence of EGP
Ω,g and EDM

Ω,g ). Assume that V satisfies the bounds (2.8) and
(2.9). For any 0 < |Ω| < �c there exists a g|Ω| such that g � g|Ω| implies that no minimizer
of EGP

Ω,g is an eigenfunction of the angular momentum Ω · L, and consequently the minimizer
is not unique. Moreover, for g � g|Ω|, EGP(Ω, g) > EDM(Ω, g), and the minimizer γ DM

Ω,g of
EDM
Ω,g has at least rank 2.

For a given direction of Ω, we will denote by 	 ⊂ [0,�c) × R+ the set of parameters
where EGP

Ω,g and EDM
Ω,g are not equivalent, i.e.,

	 ≡ {(|Ω|, g) : EGP(Ω, g) > EDM(Ω, g)}. (2.10)

This is the case if and only if the rank of γ DM
Ω,g is greater than or equal to 2, and therefore, by

proposition 1, the ground state of H0 + 8πgρDM
Ω,g is degenerate. Note that theorem 1 states that

	 is non-empty, at least for external potentials satisfying the bounds (2.8) and (2.9).
In the non-rotating case, i.e., Ω = 0, EGP(0, g) and EDM(0, g) are equal for all g � 0.

This remains true if |Ω| is not too large. In fact one can show that there exists an �g > 0,
depending on g, such that EGP(Ω, g) = EDM(Ω, g) for |Ω| � �g [11].

Note that both EGP and EDM are concave functions of their parameters and, in particular,
continuous. Hence 	 is an open set, being the complement of the zero set of the continuous
function EGP(Ω, g) − EDM(Ω, g), and both axis g = 0 and |Ω| = 0 are not contained in 	.

3. Main results

With the preliminaries of the previous section in hand, we can now state our main results.
We are interested in the ground state energy EQM(N,Ω, a) of the N-particle Hamiltonian
(1.4), for large N and small a. In fact it turns out that a ∼ N−1 is the case of interest. As
explained in the introduction, a ∼ N−1 implies that all terms in the Hamiltonian (1.4) yield a
contribution to the ground state energy of the same order as N → ∞. That is, for some fixed
g > 0, we will set a = gN−1, or, more generally, we will assume that Na → g as N → ∞.
Moreover, we will also derive results for the corresponding ground states or, more generally,
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for approximate ground states. We call a sequence �N ∈ HN an approximate ground state if
‖�N‖2 = 1 and

lim
N→∞,Na→g

〈�N |HN,Ω,a�N 〉EQM(N,Ω, a)−1 = 1 (3.1)

for fixed Ω and g. Given such an approximate ground state, we define its n-particle reduced
density matrix by the kernel



(n)
N (x1, . . . ,xn,y1, . . . ,yn) = 1

N !

∑
π∈SN

∫
R

3(N−n)

N∏
j=n+1

dxj

×�N(π(x1, . . . ,xN))�∗
N(π(y1, . . . ,yn,xn+1, . . . ,xN)) (3.2)

where SN denotes the permutation group and π(x1, . . . ,xN) is a permutation of the N variables
xi , 1 � i � N . The ∗ denotes complex conjugation. The 


(n)
N defined in (3.2) are trace class

operators on Hn, and the normalization is chosen such that Tr
[



(n)
N

] = 1. Our main result on
the properties of the absolute ground state of HN,Ω,a is the following.

Theorem 2 (Ground state asymptotics). For given Ω and g let γ DM
Ω,g be the unique minimizer

of EDM
Ω,g , with corresponding energy EDM(Ω, g). Let 


(n)
N denote the n-particle reduced density

matrix of an approximate ground state of HN,Ω,a . Then

lim
N→∞

1

N
EQM(N,Ω, gN−1) = EDM(Ω, g) (3.3)

uniformly in g on compact intervals in (0,∞), and, for each n ∈ N,

lim
N→∞



(n)
N = γ DM

Ω,g ⊗ · · · ⊗ γ DM
Ω,g︸ ︷︷ ︸

n times

(3.4)

in the usual norm of trace class operators on
⊗n

i=1 L2(R3, dxi ).

This theorem will be proved in the next section. Concerning the bosonic ground state
energy E

QM
bose(N,Ω, a), we cannot give the precise asymptotics as in (3.3), but we can give

upper and lower bounds. One might conjecture that (3.5) holds as equality, but we cannot
prove this. However, the conjecture is supported by the following theorem.

Theorem 3 (Asymptotics for bosonic ground state energy). For fixed Ω and g we have that

lim sup
N→∞

1

N
E

QM
bose(N,Ω, gN−1) � EGP(Ω, g). (3.5)

Moreover,

lim inf
N→∞

1

N
E

QM
bose(N,Ω, gN−1) > EDM(Ω, g) (3.6)

if and only if

EGP(Ω, g) > EDM(Ω, g) (3.7)

i.e., (|Ω|, g) ∈ 	, and the same is true with lim inf replaced by lim sup in equation (3.6).

Remark 1. Inequality (3.6) holds uniformly in g for compact intervals of g in 	. More
precisely, for any ε > 0 such that the closed interval [(|Ω|, g − ε), (|Ω|, g + ε)] is contained
in 	,

lim inf
N→∞

inf
g′∈(g−ε,g+ε)

{
1

N
E

QM
bose(N,Ω, g′N−1) − EDM(Ω, g′)

}
> 0. (3.8)

This property will be important in the proof of corollary 1.
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Remark 2. Theorems 2 and 3 together have the following consequences on the Bose gas. If
(|Ω|, g) 
∈ 	, e.g., EGP(Ω, g) = EDM(Ω, g), there is a unique minimizer of the GP functional
(2.3). Moreover,

lim
N→∞

1

N
E

QM
bose(N,Ω, gN−1) = EGP(Ω, g) (3.9)

as can be seen from the lower bound (3.3) and the upper bound (3.5). Therefore the bosonic
ground state is an approximate ground state for the unrestricted problem, and hence (3.4) holds.
The density matrix γ DM

Ω,g in this case is the one-dimensional projection onto the minimizer of
EGP
Ω,g , and (3.4) proves complete Bose–Einstein condensation of all n-particle density matrices.

For Ω = 0 this was proved in [8]. The persistence of BEC for Ω 
= 0 can also be interpreted
as a superfluid behaviour of the system (see [9]).

Note that these results are not only true for the bosonic ground state, but also for any
approximate bosonic ground state. Moreover, the notion of approximate ground states is
readily generalized to N-particle density matrices. In particular, the assertions above are true
for all Gibbs states



β

N,Ω,a ≡ Pbose exp(−βHN,Ω,a)

Tr[Pbose exp(−βHN,Ω,a)]
(3.10)

with β > 0, assuming that the trace is finite, which is guaranteed for external potentials V that
increase at least logarithmically in |x| at infinity. We will show in section 4.3 that

lim
N→∞

1

N

(
Tr
[
HN,Ω,gN−1


β

N,Ω,gN−1

]− E
QM
bose(N,Ω, gN−1)

) = 0 (3.11)

for all β > 0, implying, for (|Ω|, g) /∈ 	, complete BEC of the reduced density matrices of
(3.10), i.e., they converge to the right-hand side of (3.4), where γ DM

Ω,g is now the projection onto
the unique GP minimizer. Note, however, that fixing β is really a zero-temperature limit, since
the relevant temperature scale depends on the (mean) density, which goes to infinity in our
limit. To obtain a true effect of the temperature one has to scale it appropriately with N. For
example, for a harmonic trap potential the relevant temperature scale would be T ∼ N1/3 [6].

Note that for (3.11) to hold true it is essential to restrict oneself to the bosonic subspace
in (3.10). Without this restriction (3.11) (with E

QM
bose replaced by EQM) will not be true, as can

be seen from the non-interacting case g = 0.

A simple corollary of theorem 3 is the non-uniqueness of ground states of the Hamiltonian
HN,Ω,a . Even more is true, namely the ground state degeneracy grows exponentially with N.

Corollary 1 (Ground state degeneracy). For (|Ω|, g) ∈ 	 and N large enough, no ground
state of HN,Ω,gN−1 has bosonic symmetry. Moreover, if N (N, |Ω|, a) denotes the multiplicity
of the ground state of HN,Ω,a , and (|Ω|, g) ∈ 	, then

lim inf
N→∞

1

N
lnN (N, |Ω|, gN−1) > 0. (3.12)

Remark 3. Corollary 1 states that the degeneracy of the ground state of HN,Ω,gN−1 grows
at least exponentially with N if (|Ω|, g) ∈ 	. If the external potential V does not grow too
slowly at infinity, it is not difficult to see that in fact N (N, |Ω|, gN−1) grows also at most
exponentially. Namely, if we assume that Tr[exp(−βH0)] < ∞ for some β > 0, which is
guaranteed if V has at least logarithmic increase in |x|, then

lim sup
N→∞

1

N
lnN (N, |Ω|, gN−1) � ln Tr[exp(β(EDM(Ω, g) − H0))]. (3.13)

This is shown in section 4.4.
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The proofs of the results stated in this section can be found in section 4. The energy
difference of the bosonic system to the one without symmetry restrictions can be understood
as being due to the positive correlation energy that gets added when trying to symmetrize a
state where not essentially all the particles occupy the same state, as is the case in the regime
of symmetry breaking, where the minimizer of EDM has at least rank 2. It may therefore be
favourable for all bosons to occupy the same state, restoring the complete BEC but breaking
the rotational symmetry by choosing one of the minimizers of the GP functional.

All the results in this paper refer to three-dimensional systems, but analogous results can
be obtained also for two-dimensional systems, as has been shown, in the non-rotating case, in
[12]. The DM and GP functionals in this case have been studied in [11]. Moreover, we could
also allow for internal degrees of freedom of the particles, e.g., spin, which would not affect
the results on the absolute ground state, but the ones on the bosonic ground state. In this case
the GP functional has to be replaced by the DM functional restricted to density matrices of a
definite rank equal to the number of internal states (compare with section 6 in [11]).

4. Proofs

Before we give the proof of the results stated in the previous section, we state in section 4.1 two
auxiliary lemmas that will be used later. The proof of theorem 2 is given in section 4.2, and
the proof of theorem 3, together with the assertions made in remarks 1 and 2, in section 4.3.
Finally, corollary 1 and the subsequent remark 3 are proved in section 4.4.

4.1. Preliminaries

The following lemma is needed in the proof of theorem 2. It is related to the generalized
Poincaré inequalities studied in [13]. For a measurable set O ⊂ R

3 we denote by Oc its
complement, and by |O| its Lebesgue measure.

Lemma 1. Let A ∈ L2
loc(R

3; R
3) and V ∈ L∞

loc(R
3; R), and assume that lim|x|→∞ V (x) = ∞.

Let

E = inf spec[(−i∇ − A(x))2 + V (x)] (4.1)

and let P denote the projector in H = L2(R3, dx) onto the corresponding ground states. Let

�E = inf spec[(−i∇ − A(x))2 + V (x)] �(1−P)H −E (4.2)

denote the gap in the spectrum above the ground state energy, which is positive because of the
discrete spectrum of the operator under consideration.

For all ε > 0 there exists a δ > 0 such that for all O ⊂ R
3 with |Oc| < δ and for all

f ∈ H

ε

∫
R

3
|(i∇ + A)f |2 +

∫
O

|(i∇ + A)f |2 +
∫

R
3
V |f |2 � E‖f ‖2

L2(R3)
+ �E‖f − Pf ‖2

L2(R3)
.

(4.3)

Proof. There is no restriction to assume that V � 0. As in [13] we will use a compactness
argument. Suppose that the lemma is wrong. Then there exists an ε0 > 0 and a sequence of
pairs (fn,On), such that limn→∞

∣∣Oc
n

∣∣ = 0, ‖fn‖L2(R3) = 1, and

lim
n→∞

[
ε0

∫
R

3
|(i∇ + A)fn|2 +

∫
On

|(i∇ + A)fn|2 +
∫

R
3
V |fn|2 − �E‖fn − Pfn‖2

L2(R3)

]
� E.

(4.4)
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Now both (i∇+A)fn and fn are bounded sequences in L2(R3), so we can pass to a subsequence
that converges weakly in L2(R3) to (i∇ + A)f and f , respectively. We may also assume that∑

n

∣∣Oc
n

∣∣ is finite. Defining �N by �N = R
3 \⋃n�N Oc

n we have �N ⊂ On for n � N . Using
weak lower semicontinuity of the norms in question, we therefore get

lim inf
n→∞

[
ε0

∫
R

3
|(i∇ + A)fn|2 +

∫
On

|(i∇ + A)fn|2 +
∫

R
3
V |fn|2

]
� sup

N

[
ε0

∫
R

3
|(i∇ + A)f |2 +

∫
�N

|(i∇ + A)f |2 +
∫

R
3
V |f |2

]
=
[
(1 + ε0)

∫
R

3
|(i∇ + A)f |2 +

∫
R

3
V |f |2

]
> E

∫
R

3
|f |2. (4.5)

Now since V goes to infinity at infinity, −� + V has a compact resolvent (cf, e.g., [14, Thm.
XIII.65]), and hence also (i∇ + A)2 + V has a compact resolvent [15, Thm. 2.7]. Since∫

R
3
(|(i∇ + A)fn|2 + V |fn|2) < C (4.6)

for some C < ∞ independent of n, we can conclude that fn is contained in a compact subset
of L2(R3), and thus fn → f strongly in L2(R3). This implies that ‖f ‖2 = 1, and also

lim
n→∞ ‖fn − Pfn‖L2(R3) = ‖f − Pf ‖L2(R3). (4.7)

Together with (4.5) this contradicts (4.4). �

Using more sophisticated methods, as in [13], it is possible to investigate the relation
between ε and δ. This is needed to get precise error estimates, but we shall not do this here.

In the proof of theorem 2 it will be necessary to study a homogeneous gas of n particles,
described by the Hamiltonian

−
n∑

i=1

�i +
∑

1�i<j�n

1

a2
v((xi − xj )/a) (4.8)

acting on L2(�n). The particles are confined to � = [0, L]3, a box of side length L, and we
use Neumann boundary conditions. A lower bound to the ground state energy of (4.8) was
obtained in [16], and we shall describe the result here. In fact, the lower bound in [16] was
obtained via a lower bound to the expression

n∑
i=1

[
ε

2

∫
�n

|∇if |2 + (1 − ε)

∫
Ki

|∇if |2
]

+
∑
i<j

∫
�n

1

a2
v((xi − xj )/a)|f |2 (4.9)

where 0 < ε < 1 and Ki ⊂ �n is given by

Ki = {
(x1, . . . ,xn) ∈ �n : min

k,k 
=i
|xi − xk| � R

}
(4.10)

for some R > 0. This is exactly the expression that we have to bound from below in the proof
of theorem 2, see equation (4.26). The result is the following. It is valid for all spherically
symmetric v � 0 with finite range and scattering length 1.

Lemma 2. Let Eε(n, L) denote the infimum of (4.9) over all functions f ∈ L2(�n) with
‖f ‖2 = 1, and let Y = a3n/L3. If R � aY−5/17, ε � Y 1/17 and n � Y−1/17, then there exists
a constant C > 0 such that

Eε(n, L) � 4πa
n2

L3
(1 − CY 1/17)(1 − ε). (4.11)
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The proof can be found in [16] (see also [17] for a more elaborate discussion). Strictly
speaking, it was derived for expression (4.9) with ε/2 replaced by ε in front of the first term,
but it is easy to see that this additional factor does not affect the main result, only the constant
appearing in (4.11). Note that the condition on n means that n � (L/a)1/6.

4.2. Proof of theorem 2

We start by considering the case n = 2 in (3.4). In order to be able to obtain information
about the two-particle density matrix, we start by introducing a modified DM functional. Let
U ∈ C∞

0 (R3 × R
3) be realvalued and symmetric, i.e., U(x,y) = U(y,x), and let δ ∈ R.

The modified DM functional is defined as

Ẽ DM[γ ] = Tr[H0γ ] + 4πg

∫
ργ (x)2 dx + δ

∫
U(x,y)ργ (x)ργ (y) dx dy. (4.12)

We suppress the dependence on the parameters for simplicity of notation. We assume that δ

is small enough such that Ẽ DM is still strictly convex in ργ , which is in particular the case
for δ‖U‖L2(R6) < 4πg. The ground state energy of (4.12) will be denoted by ẼDM, which
depends, for fixed U, on Ω, g and δ. As for the DM functional with δ = 0, one can use
standard methods to show the existence of a minimizing density matrix for Ẽ DM. Uniqueness
is not clear, however, but this is of no concern to us. (For δ small enough, Ẽ DM is strictly
convex in ργ , and therefore the density of a minimizer is unique. This convexity property will
be important in the proof of lemma 4.) Let γ̃ denote a minimizer of Ẽ DM, with corresponding
density ρ̃. One can show that ρ̃ is a bounded, continuously differentiable function that
decreases exponentially at infinity. Moreover, as in proposition 1, γ̃ also minimizes the linear
functional

γ �→ Tr[H̃γ ] (4.13)

with H̃ given by

H̃ = H0 + 8πgρ̃(x) + 2δ

∫
U(x,y)ρ̃(y) dy. (4.14)

That is, the range of γ̃ is contained in the span of the ground states of H̃ , whose ground state
energy is given by

inf specH̃ = ẼDM(Ω, g, δ) + 4πg

∫
ρ̃(x)2 dx + δ

∫
U(x,y)ρ̃(x)ρ̃(y) dx dy. (4.15)

It is important to note that ẼDM is differentiable in δ at δ = 0. This follows from concavity
in δ and the fact that the minimizer at δ = 0 is unique (cf, e.g., [18]). The derivative is
given by

∂ẼDM(Ω, g, δ)

∂δ

∣∣∣∣
δ=0

=
∫

U(x,y)ρDM
Ω,g(x)ρDM

Ω,g(y) dx dy. (4.16)

We will now evaluate upper and lower bounds on the ground state energy of the N-particle
problem. We also add our auxiliary potential U to the Hamiltonian, and estimate in the
following the quantity

EQM(N,Ω, a, δ) = inf spec

HN,Ω,a +
2δ

N

∑
1�i<j�N

U(xi ,xj )

 . (4.17)
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We start with the upper bound. It is derived by analogous considerations as in [7], but
instead of using a trial vector we use an N-particle trial density matrix, whose kernel has the
form


(x1, . . . ,xN,y1, . . . ,yN) = F(x1, . . . ,xN)F (y1, . . . ,yN)

N∏
i=1

γ̃ (xi ,yi ) (4.18)

where γ̃ is a minimizer of (4.12), and F is the Dyson wavefunction defined in [7]. It is
given by

F(x1, . . . ,xN) =
N∏

i=1

f (ti(x1, . . . ,xi )) (4.19)

where ti = min{|xi −xj |, 1 � j � i − 1} is the distance of xi to its nearest neighbour among
the points x1, . . . ,xi−1, and f is a function of t � 0. It is chosen to be

f (t) =
{

f0(t)/f0(b) for t < b

1 for t � b
(4.20)

where f0 is the solution of the zero energy scattering equation for the interaction potential, i.e.,
−�f + 1

2a−2v(x/a)f = 0, and b is some cut-off parameter of order b ∼ N−1/3. The function
F is a suitable generalization of the function Dyson used in [19] to obtain an upper bound on
the ground state energy of a homogeneous Bose gas of hard spheres. The calculation of the
upper bound follows along the same lines as in [7], with the result that

EQM(N,Ω, gN−1, δ) � NẼDM(Ω, g, δ)(1 + O(N−2/3)) (4.21)

uniformly in g on compact intervals.
We now proceed with the lower bound. Fix some R > 0 and 0 < ε < 1. They will be

chosen later to depend on N in a definite way. We introduce the short hand notation

X i = (x1, . . . ,xi−1,xi+1, . . . ,xN) (4.22)

and

dX i =
N∏

j=1,j 
=i

dxj . (4.23)

Moreover, let A(x) = 1
2Ω × x, and let ri denote the radial distance of xi orthogonal to Ω.

Let ∇j = ∇xj
. Given any � ∈ HN with ‖�‖2 = 1, we can write the expectation value of our

modified Hamiltonian as

〈�|HN,Ω,a +
2δ

N

∑
i<j

U(xi ,xj )|�〉 =
N∑

j=1

(
E

(1)
j + E

(2)
j

)
(4.24)

where

E
(1)
j =

∫
R

3(N−1)

dXj

[
(1 − ε)

∫
Oc

j

dxj |(i∇j + A(xj ))�|2 +
ε

2

∫
R

3
dxj |(i∇j + A(xj ))�|2

+
∫

R
3

dxj

(
V (xj ) − |Ω|2

4
r2
j + 8πgρ̃(xj ) + 2δ

∫
U(xj ,y)ρ̃(y) dy

)
|�|2

]
(4.25)
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and

E
(2)
j =

∫
R

3(N−1)

dXj

[
(1 − ε)

∫
Oj

dxj |(i∇j + A(xj ))�|2 +
ε

2

∫
R

3
dxj |(i∇j + A(xj ))�|2

−
∫

R
3

dxj

(
8πgρ̃(xj ) + 2δ

∫
U(xj ,y)ρ̃(y) dy

)
|�|2

+
1

2

N∑
i=1,i 
=j

∫
R

3
dxj

(
1

a2
v((xi − xj )/a) +

2δ

N
U(xi ,xj )

)
|�|2

 . (4.26)

We choose, for fixed Xj ,

Oj = {
xj ∈ R

3 : min
k,k 
=j

|xj − xk| � R
}
. (4.27)

In the following, we will investigate the two terms (4.25) and (4.26) separately. The results are
formulated in the following lemmas. It is always understood that, for fixed g,Na − g = o(1)

as N → ∞, and that δ is small enough, as explained in the beginning of section 4.2.

Lemma 3. Let P̃ denote the projector onto the ground states of H̃ , defined in (4.14). If
R � O(N−1/3) one can choose O(N−2/17) � ε � o(1) as N → ∞ such that

N∑
j=1

E
(1)
j � N

(
ẼDM(Ω, g, δ) + 4πg

∫
ρ̃(x)2 dx

+ δ

∫
U(x,y)ρ̃(x)ρ̃(y) dx dy + C Tr[
(1)

� (1 − P̃ )]

)
(1 − o(1)) (4.28)

for some constant C > 0 (depending on Ω, g and δ). Here 

(1)
� denotes the one-particle

reduced density matrix of �.

Lemma 4. If R � O(N−7/17) and o(1) � ε � O(N−2/17) as N → ∞, then
N∑

j=1

E
(2)
j � −N

(
4πg

∫
ρ̃(x)2 dx + δ

∫
U(x,y)ρ̃(x)ρ̃(y) dx dy

)
(1 + o(1)). (4.29)

Before proving these two lemmas, let us show that they lead to theorem 2. Inserting the
lower bounds to

∑
j E

(1)
j and

∑
j E

(2)
j in (4.24) we obtain, for an appropriate choice of R

and ε,
1

N
〈�|HN,Ω,a +

2δ

N

∑
i<j

U(xi ,xj )|�〉 �
[
ẼDM(Ω, g, δ) + C Tr

[



(1)
N (1 − P̃ )

]]
(1 − o(1))

(4.30)

as N → ∞, if Na → g. Together with the upper bound (4.21) this implies that

lim
N→∞

1

N
EQM(N,Ω, gN−1, δ) = ẼDM(Ω, g, δ) (4.31)

for all values of Ω, g and δ small, uniformly in g on compact intervals, and also that

lim
N→∞

Tr
[



(1)
N (1 − P̃ )

] = 0. (4.32)

Equation (4.31) for δ = 0 proves (3.3). Moreover, since ẼDM is differentiable in δ at δ = 0,
with derivative given in (4.16), we also infer that (see [18] for details)

lim
N→∞

∫
R

6
U(x,y)ρ

(2)
N (x,y) dx dy =

∫
R

6
U(x,y)ρDM

Ω,g(x)ρDM
Ω,g(y) dx dy (4.33)
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where ρ
(2)
N is the density of the reduced two-particle density matrix 


(2)
N of an approximate

ground state at δ = 0. This is true for all symmetric U ∈ C∞
0 (R3 ×R

3), i.e., ρ(2)
N (x,y), being

itself symmetric, converges to ρDM
Ω,g(x)ρDM

Ω,g(y) in the sense of distributions.
To show the convergence (3.4) of the density matrices, not only their densities, we proceed

as follows. From (4.32) at δ = 0 we infer that

lim
N→∞

Tr
[



(2)
N P DM ⊗ P DM

] = 1 (4.34)

where P DM is the projector onto the ground states of H̃ with δ = 0, which is the
operator appearing in the linear functional (2.5). Note that P DM is finite dimensional, and
P DMγ DM

Ω,g P DM = γ DM
Ω,g by proposition 1. From (4.34) we infer that there exists a subsequence

of 

(2)
N that converges to some 
 in trace class norm, with P DM ⊗ P DM
P DM ⊗ P DM = 
.
We want to show that the convergence (4.33) necessarily implies that 
 = γ DM

Ω,g ⊗ γ DM
Ω,g .

To do this, we have to take a closer look at the ground states of H̃ for δ = 0. It is clear that
they can be taken to be eigenfunctions of Ω · L, and that there is at most one ground state for
any given eigenvalue of Ω · L. For eigenvalue m ∈ Z, the ground state wavefunction can be
written, in cylindrical coordinates x = (r, ϕ, z), as

f (r, z) eimϕ (4.35)

with f (r, z) > 0 for all r > 0 and all z, and f (r, z)r−|m| bounded (see [11] for details). Note
that certainly m � 0 for any ground state. Expanding 
 in terms of these eigenfunctions, and
using the fact that because of (4.33) its density is necessarily given by ρDM

Ω,g(x)ρDM
Ω,g(x

′), we
obtain the equation

ρDM
Ω,g(x)ρDM

Ω,g(x
′) =

∑
j,k,l,m

ajklmfj (r, z)fk(r
′, z′)fl(r, z)fm(r ′, z′) ei(j−l)ϕ ei(k−m)ϕ′

(4.36)

for some coefficients ajklm that determine 
. This sum is finite, and since the left-hand side
does not depend on ϕ and ϕ′, we can infer that only terms with j = l and k = m contribute,
i.e., ajklm = 0 for j 
= l or k 
= m. Here we have also used that terms with the same j − l, but
different j and l cannot cancel, because of the different asymptotics as r → 0, namely rj+l .
By the same reasoning, we have

ρDM
Ω,g(x) =

∑
j

λj |fj (r, z)|2 (4.37)

for some 0 � λj � 1. Using again the knowledge of the r → 0 asymptotics of the fj , we
infer that ajkjk = λjλk , and therefore 
 = γ DM

Ω,g ⊗ γ DM
Ω,g . This proves (3.4) for n = 2.

It remains to prove lemmas 3 and 4.

Proof of lemma 3. For fixed Xj define fj by

fj (xj ) = �(x1, . . . ,xj , . . . ,xN) (4.38)

and let

W(x) = V (x) − |Ω|2
4

r2 + 8πgρ̃(x) + 2δ

∫
U(x,y)ρ̃(y) dy. (4.39)

We have

E
(1)
j � (1 − ε)

∫
R

3(N−1)

dXjFj − ε

1 − ε
‖[W ]−‖∞ (4.40)

with

Fj =
∫
Oj

|(i∇ + A)fj |2 +
ε

2

∫
R

3
|(i∇ + A)fj |2 +

∫
R

3
W |fj |2. (4.41)
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The result now follows by applying lemma 1 to Fj , noting that
∣∣Oc

j

∣∣ � N 4π
3 R3 = o(1) and

that
N∑

j=1

∫
R

3(N−1)

dXj‖fj − Pfj‖2
2 = N Tr[
(1)

� (1 − P̃ )] (4.42)

(compare with (4.14) and (4.15)). The constant C is then given by the spectral gap of H̃ above
its ground state energy. Note that the last term in (4.40) is finite, by our assumption (1.2) on
V and the fact that U is bounded and ρ̃ ∈ L1(R3). �

Proof of lemma 4. To obtain a lower bound, we can use the box method, as in [7, 16].
More precisely, we divide R

3 into boxes of side length L, labelled by α, and distribute our N
particles over these boxes. Taking Neumann boundary conditions in each box and minimizing
the energy with respect to all distributions of the particles, this can only lower the energy.

Let

Wα = sup
x∈α

[
4πgρ̃(x) + δ

∫
R

3
U(x,y)ρ̃(y) dy

]
(4.43)

and

Uαβ = inf
x∈α,y∈β

U(x,y). (4.44)

Using the diamagnetic inequality in the two terms in (4.26) containing A, we can set A = 0
for a lower bound. With Eε(n, L) defined as in lemma 2, we thus obtain

N∑
j=1

E
(2)
j � inf

{nα}

∑
α

(Eε(nα, L) − 2Wαnα) +
δ

N

∑
α,β

Uαβnαnβ − δ

N

∑
α

Uααnα

 (4.45)

where the infimum is taken over all distribution of the N particles into the boxes α. Each box
contains nα particles, and

∑
α nα = N . The last term in (4.45) is due to the fact that there

are only 1
2n(n − 1) pairs of particles in the same box. It can easily be estimated by 1

2δ‖U‖∞,
which is negligible compared to the other terms of order N.

Let n̄α be a minimizing configuration of the nα in (4.45). Let Y = a3N/L3, and let
�η denote the collection of those boxes α where n̄α � ηNL3. If we choose ε � Y 1/17 and
R � a(a3ηN)−5/17 (compare with the conditions stated in lemma 2) we can use (4.11) to
estimate, for α ∈ �η,

Eε(n̄α, L) � 4πa
n̄2

α

L3
(1 − CY 1/17)(1 − ε) (4.46)

where we estimated n̄α by N in the error term. For α 
∈ �η we simply use Eε(n̄α, L) � 0.
This gives

(4.45)

�
∑

α∈�η,β∈�η

n̄αn̄β

[
δαβ

4πg

NL3
(1 − CY 1/17)(1 − ε̂ ) +

δ

N
Uαβ

]
−
∑
α∈�η

2Wαn̄α

− 2ηNL3

(∑
α

Wα + δ sup
β

∑
α

Uαβ

)
− 1

2
δ‖U‖∞. (4.47)

Here ε̂ = 1 − (1 − ε)Na/g = o(1) for large N.
In the following, we will choose L = o(1) and η = o(1) as N → ∞. The term in

parentheses in the last line in (4.47) can then be bounded by const L−3, which is, when
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multiplied by ηNL3, of lower order than N and therefore negligible compared to the main
terms of order N.

Consider now the first two terms in (4.47). If δ is small enough (independent of N
and L), the term in square brackets defines a positive matrix Bαβ for N large enough. Moreover,
denoting ρα = supx∈α ρ̃(x),

Wα = NL3
∑

β

Bαβρβ + �α (4.48)

where �α = �(1)
α + �(2)

α , with

�(1)
α = 4πg(CY 1/17 + ε̂ − ε̂CY 1/17)ρα (4.49)

and

�(2)
α = δ

sup
x∈α

∫
U(x,y)ρ̃(y) dy − L3

∑
β

Uαβρβ

 . (4.50)

In the following we denote by B the matrix with coefficients Bαβ , and likewise by W , ρ, �

the vectors with components Wα, ρα and �α , respectively. Also let n denote the vector with
entries n̄α for α ∈ �η and 0 for α 
∈ �η. With these notations we can rewrite the first two
terms on the right-hand side of (4.47) as

〈n|B|n〉 − 2〈W |n〉 = 〈n − NL3ρ|B|n − NL3ρ〉 − 〈NL3ρ|B|NL3ρ〉 − 2〈�|n〉. (4.51)

Because of positivity of B, this expression is bounded below by

−〈NL3ρ|B|NL3ρ〉 − 2N‖�‖∞. (4.52)

Now, if we choose L = o(1) as N → ∞, we have

(NL3)2〈ρ|B|ρ〉 = N

(
4πg

∫
ρ̃(x)2 + δ

∫
U(x,y)ρ̃(x)ρ̃(y)

)
(1 + o(1)) (4.53)

because the sums are Riemann sums for the corresponding integrals. Moreover, ‖�‖∞ � o(1),
which is obvious for (4.49), since ρα is bounded, and also for (4.50) by the same Riemann
sum argument as above. This proves the lemma. �

This finishes the proof of (3.4) for n = 2. The general case n � 1 follows in the same
manner, perturbing the Hamiltonian (1.4) by

δ
n!

Nn−1

∑
1�i1<···<in�N

U
(
xi1 , . . . ,xin

)
(4.54)

where U ∈ C∞
0 (R3n) is a realvalued symmetric function of n variables, and also perturbing

the DM functional by a term

δ

∫
R

3n

U(x1, . . . ,xn)ργ (x1) · · · ργ (xn). (4.55)

We will only sketch the proof here, pointing out the differences to the case n = 2. Following
the same steps as in the proof of lemma 4, one sees that minimizing over particle numbers in
different boxes is, after passing to the limit N → ∞, effectively equivalent to minimizing a
functional

ρ �→
∫

R
3
[4πgρ(x)2 − W(x)ρ(x)] + δ

∫
R

3n

U(x1, . . . ,xn)ρ(x1) · · · ρ(xn) (4.56)
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over functions ρ ∈ L1(R3) with ρ � 0 and
∫

ρ = 1. Here

W(x) = 8πgρ̃(x) + nδ

∫
R

3(n−1)

U(x,x2, . . . ,xn)ρ̃(x2) · · · ρ̃(xn) (4.57)

and ρ̃ is the density of a minimizer of the modified DM functional with additional term (4.55),
with

∫
ρ̃ = 1. To obtain the analogue of lemma 4 we have to show that the minimizer of (4.56)

is given by ρ̃, at least for δ small enough (compare with (4.51), which is just a discretized
version of (4.56) for n = 2). Compared to the case n = 2 there is an additional difficulty here
since the functional (4.56) is not necessarily convex. (The convexity in the case n = 2 was
used in the form of positivity of B.)

To show that, for small enough δ, the minimizer of the functional (4.56) is given by ρ̃, we
rewrite (4.56) as

−4πg

∫
ρ̃(x)2 − (n − 1)δ

∫
U(x1, . . . ,xn)ρ̃(x1) · · · ρ̃(xn) + F[ρ] (4.58)

with

F[ρ] = 4πg

∫
(ρ − ρ̃)2 +

n∑
i=1

ci

∫
R

3i

U (i)(x1, . . . ,xi )(ρ(x1) − ρ̃(x1)) · · · (ρ(xi ) − ρ̃(xi ))

(4.59)

where

U(i)(xi , . . . ,xi ) =
∫

R
3(n−i)

U(x1, . . . ,xn)ρ̃(xi+1) · · · ρ̃(xn) dxi+1 · · · dxn (4.60)

and ci ∈ N are appropriate integer coefficients. Now F[ρ̃] = 0, so any minimizer ρ must fulfil
F[ρ] � 0. Since ‖ρ−ρ̃‖1 � 2 by assumption, we have F[ρ] � 4πg‖ρ−ρ̃‖2

2 −const δ‖U‖∞,
and hence

‖ρ − ρ̃‖2
2 � const δ (4.61)

for a minimizer ρ. On the other hand,

F[ρ] � 4πg‖ρ − ρ̃‖2
2 − const δ‖U‖2

(‖ρ − ρ̃‖2
2 + ‖ρ − ρ̃‖n

2

)
(4.62)

which is, because of (4.61), positive for δ small enough, and zero only for ρ = ρ̃. Therefore
ρ̃ is the unique minimizer of (4.56).

The convergence of the energies for a small interval of δ’s around zero implies again the
convergence of the n-particle densities at δ = 0, and by analogous arguments as in the case
n = 2 one can show the convergence of the density matrices. The details are left to the reader.

This completes the proof of theorem 2.

4.3. Proof of theorem 3

We start by computing an upper bound to E
QM
bose. Note that we cannot use (4.18) as a trial

state, for two reasons. First, F is not a symmetric function and, secondly, the tensor product
of one-particle density matrices is not a bosonic density matrix, if their rank is greater than 1.
The first problem turns out not to be serious (see below), but the second is.

Instead of (4.18), we use as a trial function

�(x1, . . . ,xN) = F(x1, . . . ,xN)

N∏
i=1

φGP(xi ) (4.63)

where φGP is a minimizer of the GP functional, and F is given by the Dyson wavefunction
(4.19). Note that F is not a symmetric function, but we claim that (4.63) nevertheless gives an
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upper bound to E
QM
bose. More precisely, we will show that any trial function of the form (4.63)

with F realvalued but not necessarily symmetric gives an upper bound to E
QM
bose. To see this,

we write, for � given in (4.63),

〈�|HN,Ω,a|�〉 = µGP
Ω,g〈�|�〉 +

N∑
j=1

∫
R

3N

N∏
k=1

|φGP(xk)|2 dxk

 |∇jF |2

+

1

2

N∑
i=1,i 
=j

1

a2
v((xi − xj )/a) − 8πg|φGP(xj )|2

 |F |2
 N∏

k=1

|φGP(xk)|2 dxk

(4.64)

where we used partial integration, the GP equation (2.6), and the fact that F is real by
assumption. The reality of F has the effect that both the cross-term in the partial integration
and the term with L acting on F vanish. The infimum of (4.64) over all F is attained for a
positive F, and therefore we can proceed as in [20, p 15] to show that the infimum of (4.64)
over all F is the same as the infimum over symmetric F.

It is therefore legitimate to use (4.63) as a trial function for the bosonic ground state
problem. The calculation of the expectation value of HN,Ω,a follows again along the same
lines as in [7], with the result that

E
QM
bose(N,Ω, gN−1) � NEGP(Ω, g)(1 + O(N−2/3)). (4.65)

Letting N → ∞ this proves (3.5).
From (3.5) it follows immediately that

lim sup
N→∞

1

N
E

QM
bose(N,Ω, gN−1) > EDM(Ω, g) (4.66)

implies (3.7). Since (3.6) clearly implies (4.66), it remains to show that (3.6) follows from
(3.7). To see this, note that EGP(Ω, g) > EDM(Ω, g) implies that the unique minimizer
γ DM
Ω,g of EDM

Ω,g has at least rank 2. Therefore γ DM
Ω,g ⊗ γ DM

Ω,g is not a bosonic two-particle density
matrix, it has both symmetric and antisymmetric eigenfunctions. Since the space of bosonic
two-particle density matrices is closed under the trace norm, (3.4) cannot be true for the
bosonic ground state in this case. Theorem 2 implies that the bosonic ground state is not an
approximate ground state for the unrestricted problem, and hence (3.6) holds. This proves
theorem 3. The uniformity of the limit (3.4) (see the definition of approximate ground state in
(3.1)) implies uniformity in (3.6), as stated in (3.8) in remark 1.

We conclude this section with a proof of the assertion (3.11) made in remark 2 that the
Gibbs states (3.10) are approximate ground states. Let T = 1/β. We start by estimating the
free energy

F(T ,N) = − 1

β
ln Tr[Pbose exp(−βHN)]. (4.67)

For simplicity of notation we suppress the dependence on Ω and a from now on. It is always
understood that a = gN−1. The function F is monotone decreasing and concave in T. This
implies immediately that F(T ,N) � F(0, N) = E

QM
bose(N). To obtain a lower bound, we

proceed as follows. Let n(e) denote the number of eigenvalues of HN �PboseHN
that are smaller

than or equal to e. Then

F(T ,N) = − 1

β
ln

[
β

∫ ∞

E
QM
bose(N)

n(e) exp(−βe) de

]
. (4.68)
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Since v � 0, n(e) is bounded above by the number of eigenvalues of the non-interacting
Hamiltonian

∑
i H

(i)
0 �PboseHN

that are smaller than or equal to e. This, in turn, can be bounded
above by

Tr

[
Pbose exp

(
αe − α

∑
i

H
(i)
0

)]
≡ exp(αe)Cα,N (4.69)

for any α > 0. Choosing α < β we therefore obtain

F(T ,N) � β − α

β
E

QM
bose(N) − 1

β
ln

(
βCα,N

β − α

)
. (4.70)

Now let ei, i � 0, denote the ordered sequence of eigenvalues of H0, including degenerate
eigenvalues, and let j0 denote the multiplicity of the lowest eigenvalue e0. The expression
Cα,N can easily be bounded above using the fact that any totally symmetric eigenfunction
of
∑

i H
(i)
0 can be characterized by the occupation numbers nj of the eigenfunctions of H0

corresponding to the eigenvalue ej . Thus Cα,N can be expressed as

Cα,N = e−αNe0 Tr

[
Pbose exp

(
−α

N∑
i=1

(
H

(i)
0 − e0

))]
= e−αNe0

∑
{nj ∈N0}j�0,

∑
nj =N

e−α
∑

nj (ej −e0) (4.71)

where we introduced the notation N0 = N ∪ {0}. To bound this expression from above, we
simply neglect the condition

∑
j�0 nj = N . More precisely, we estimate

Cα,N � e−αNe0

N∑
n0=0

· · ·
N∑

nj0−1=0

∑
{nj ∈N0}j�j0

e−α
∑

nj (ej −e0)

= (N + 1)j0 e−αNe0

∞∏
j=j0

1

1 − e−α(ej −e0)
. (4.72)

Note that the last product is finite, and independent of N. Inserting the bound (4.72) in (4.70),
letting N → ∞ and afterwards α → 0, we obtain

lim
N→∞

1

N

(
F(T ,N) − E

QM
bose(N)

) = 0. (4.73)

To see that the same convergence holds for the energies

E(T ,N) = Tr[PboseHN exp(−βHN)]

Tr[Pbose exp(−βHN)]
(4.74)

note that
∂F (T ,N)

∂T
= 1

T
(F (T ,N) − E(T ,N)). (4.75)

The concavity of F(T ,N) in T and (4.73) imply that N−1∂F/∂T → 0 as N → ∞, which
proves the desired result.

4.4. Proof of corollary 1

The first statement on the impossibility of having a totally symmetric ground state follows
immediately from theorem 3. To estimate the ground state degeneracy, we proceed as follows.
Since the Hamiltonian under consideration is symmetric with respect to exchange of two
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variables, any ground state belongs to a finite dimensional space of an irreducible representation
of SN , the permutation group of N variables. These representations are conveniently labelled
by Young tableaux. Given the ground state space of HN,Ω,gN−1 and one of the corresponding
representations of SN , let, for fixed (|Ω|, g) ∈ 	,RN and CN denote the length of the longest
row and column of the Young tableaux, respectively. We will show that CN is bounded above
independent of N, and RN/N < 1 − ε for some ε > 0 and N large enough. This will allow us
to show that the dimension of the representation increases exponentially with N.

We first compute an upper bound on CN . There exists a ground state of HN,Ω,gN−1 which
is antisymmetric in the first CN variables. Neglecting the interaction with the other particles,
we therefore have

EQM(N,Ω, gN−1) � Tr[H0PCN
] + EQM(N − CN,Ω, gN−1) (4.76)

where PC is the projection of H0 onto the first C eigenvalues. By analogous considerations as
in the upper bound to EQM (cf also [7, Thm. III.2]) it is not difficult to show that

EQM(N,Ω, gN−1) − EQM(N − C,Ω, gN−1) � const C (4.77)

for fixed g and Ω, independent of N. Since

lim
C→∞

1

C
Tr[H0PC] = ∞ (4.78)

because of our assumption that V goes to infinity at infinity, this implies that CN has to stay
bounded as N → ∞.

We now derive an upper bound on RN . Since there is a ground state of HN,Ω,gN−1 which
is symmetric in the first RN variables, we have, by analogous considerations as above,

EQM(N,Ω, gN−1) � E
QM
bose(RN,Ω, gN−1) + (N − RN)E0 (4.79)

where E0 = inf specH0. Let η = lim supN→∞ RN/N , and choose a subsequence such that
RN/N → η as N → ∞. It follows from (4.79) and theorem 2 that

η � (EDM(Ω, g) − E0)

(
lim inf
N→∞

1

RN

E
QM
bose

(
RN,Ω, gR−1

N RN/N
)− E0

)−1

. (4.80)

Since certainly RN → ∞ with N, we can use (3.8) to conclude that

lim inf
N→∞

1

RN

E
QM
bose

(
RN,Ω, gR−1

N RN/N
))

> EDM(Ω, gη) (4.81)

if 1 − η is small enough such that (|Ω|, gη) ∈ 	. This shows that η < 1 for (|Ω|, g) ∈ 	.
We have thus shown that, for some ε > 0, RN � N(1 − ε) and CN � 1/ε for N large

enough. Therefore there are at least two rows of length �ε2N in the Young tableaux, and
hence the dimension of the corresponding representation is at least the one of the tableaux
consisting of two rows of length � = [ε2N ] (here the square bracket denotes the integer part).
This is given by

(2�)!

�!(� + 1)!
∼ 4�

�3/2
for large � (4.82)

which proves the corollary.
To prove the statement on the upper bound on the ground state degeneracy in remark 3

after corollary 1 we estimate, for θ(z) = 1 for z � 0 and θ(z) = 0 for z < 0,

N (N, |Ω|, gN−1) = Tr[θ(EQM(N,Ω, gN−1) − HN,Ω,gN−1)]

� Tr

[
θ

(
N(EDM(Ω, g) + ε) −

N∑
i=1

H
(i)
0

)]
(4.83)
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for any ε > 0 and N large enough. Here we have used (3.3) and the fact that the interaction
potential v is positive by assumption. Estimating the step function by the exponential function,
we therefore get, for any β > 0,

N (N, |Ω|, gN−1) � Tr

[
exp

(
β

(
N(EDM(Ω, g) + ε) −

N∑
i=1

H
(i)
0

))]
= Tr[exp(β(EDM(Ω, g) + ε − H0))]

N (4.84)

which proves (3.13).
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Appendix. Proof of theorem 1

The strategy of the proof of theorem 1 is similar to the one in the two-dimensional case given
in [11]. One shows the non-uniqueness of minimizers of the GP functional by showing that
no eigenfunction of the angular momentum Ω ·L can be a minimizer, even though the GP
functional is invariant under rotations around the Ω axis. This implies that the minimizer
cannot be unique, since by rotating a minimizer one gets another one. Moreover, since the
minimizer of the DM functional EDM

Ω,g is unique by proposition 1, this implies that it has to
have at least rank 2, and EDM(Ω, g) < EGP(Ω, g), as stated in theorem 1.

Thus all we have to show is that an eigenfunction of Ω ·L cannot minimize EGP
Ω,g . To

do this, we first have to consider the properties of minimizers in the subspaces of angular
momentum eigenfunctions. Except for lemma 6, all the considerations below follow the same
line as in the two-dimensional case. Lemma 6, however, is the main new ingredient to extend
the results to three dimensions. While lemmas 5–7 hold for general V ’s, our assumptions (2.8)
and (2.9) on the external potential V will become important in the proof of theorem 1 below,
where they are used in order to get explicit estimates on the various quantities appearing in
lemmas 5–7.

Let fn denote the minimizer of the GP functional restricted to functions φ(x) =
f (r, z) einϕ , i.e., to functions with angular momentum Ω ·L = n. More precisely, fn

minimizes

f �→
∫ ∞

0
d2r

∫ ∞

−∞
dz f ∗

(
−�rf − ∂2f

∂z2
+

n2

r2
f + Vf + 4πg|f |2f

)
(A.1)

under the normalization condition
∫ |f (r, z)|2 d2r dz = 1, where we denoted d2r = 2πr dr ,

and �r = ∂2/∂r2 + r−1∂/∂r . In the following, it will be convenient to study this functional
for all n ∈ R+, not only for integers. Using standard methods one can show that for each
n � 0 and g � 0 there exists a unique minimizer of (A.1). Let En(g) denote the corresponding
minimum of (A.1), and let

µ̃n = En(g) + 4πg

∫
|fn(r, z)|4 d2r dz. (A.2)

Note that µ̃n depends on g besides n.
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We need the following estimates on the minimizers fn.

Lemma 5. The minimizer fn is a non-negative, bounded function, with

‖fn‖∞ � µ̃n

8πg
. (A.3)

Proof. As in [11, lemma 1] this follows from the maximum principle, applied to the variational
equation for fn, which reads

−�rfn − ∂2

∂z2
fn +

n2

r2
fn + Vfn = (µ̃n − 8πg|fn|2)fn. (A.4)

Recall that V � 0 by assumption. �

Lemma 6. Let jn(r) = ∫∞
−∞ dz|fn(r, z)|2. Choose R > 0 large enough such that

δn(R) ≡ inf
|z|�R

V (x) − µ̃n > 0 (A.5)

which is always possible by our assumption that V goes to infinity at infinity. Then

‖jn‖∞ � ‖fn‖2
∞

(
4R + const

1

Rδn(R)

)
. (A.6)

Here ‖·‖ has to be understood as the supremum norm on R
2 and R

3, respectively.

Proof. Let η ∈ C∞(R) be such that 0 � η � 1, η(z) = 1 for |z| � 2 and η(z) = 0 for |z| � 1.
Then

jn(r) =
∫ ∞

−∞
dz |fn(r, z)|2((1 − η(z/R)) + η(z/R)) � 4R‖fn‖2

∞ + χ(r) (A.7)

where we denoted

χ(r) =
∫

dz |fn(r, z)|2η(z/R). (A.8)

Using the variational equation for fn and neglecting positive terms, it is straightforward to
derive the inequality

−�rχ � 2
∫

dz η(z/R)

(
|fn|2 (µ̃n − V (r, z)) + fn

∂2

∂z2
fn

)
. (A.9)

Partial integration yields the estimate

2
∫

dz η(z/R)

(
fn

∂2

∂z2
fn

)
� 1

R2

∫
dz |fn|2η′′(z/R) � const

R
‖f ‖2

∞ ≡ ε. (A.10)

Using (A.5) and the support properties of η we therefore get

−�rχ � ε − 2δn(R)χ. (A.11)

It follows from the maximum principle that χ(r) � ε/(2δn(R)), which proves our claim. �

Lemma 7. With jn given in lemma 6, r−2njn(r) is a bounded function, with

‖r−2njn‖∞ �
(
2c2

nµ̃n

)n ‖jn‖∞ (A.12)

where cn is given by

cn =
(

2−n
(

2−n
n

)n/2
π Csc

(
nπ
2

)
(2 − n)
(n)

)1/n

for n � 1

cn =
√

π

n



(
n + 1

2

)

(n)

for n � 1.

(A.13)
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Proof. The proof of this lemma is similar to that of the corresponding lemma 2 in [11]. Let
h(r) = r−2nχ(r). Using the variational equation for fn and the fact that V is positive by
assumption, one derives the differential inequality

−h′′(r) − (2n + 1)

r
h′(r) � 2µ̃nh(r). (A.14)

Multiplying (A.14) with the integral kernel of the resolvent of the operator on the left-
hand side of this inequality and integrating, we can proceed as in [11, lemma 2] to arrive
at (A.12). �

We now are able to give the proof of theorem 1.

Proof of theorem 1. We start by estimating the difference of En+1(g) and En(g). By
analogous considerations as in [11, equations (3.2) and (3.7)–(3.11)] we have, using lemma 7
in replacement of [11, lemma 2],

En+1(g) − En(g) � (2n + 1) (E1(g) − E0(g))

� (2n + 1)2πe sup
0<m<1

‖jm‖∞ max

{
3, 1 + ln

(
µ̃m

2π‖jm‖∞

)}
. (A.15)

We now use the bounds (A.6) and (A.3) in order to estimate ‖jm‖∞. Our assumptions on the
external potential V imply that, if δn(R) = O(1),

µn ∼ g1/(1+2/s+1/p) and R ∼ µ1/p
n (A.16)

for large g, uniformly in n for bounded n. Therefore

En+1(g) − En(g) � O
(
g− 2

s
(2+2/s+1/p) ln(g)

) g→∞−→ 0. (A.17)

Note that the minimum of the GP functional over all functions with angular momentum n is
given by En(g)−n|Ω|, and hence, for any fixed given N, all functions with angular momentum
<N cannot be GP minimizers if

min
0�n<N

{En(g) − n|Ω|} > min
n�N

{En(g) − n|Ω|}. (A.18)

This is fulfilled if

|Ω| > max
0�n<N

EN(g) − En(g)

N − n
(A.19)

which holds true, for any given fixed N and Ω 
= 0, for large enough g by (A.17).
It remains to show that for given Ω there exists an NΩ, independent of g, such that all

functions with angular momentum �NΩ cannot be GP minimizers. We do this by showing
that they are unstable, in the sense that a small perturbation lowers the energy. This can
be done by a similar calculation as in the two-dimensional case [11], using the estimates of
lemmas 5–7. We will only sketch the argument here, mainly pointing out the difference to the
two-dimensional case.

In order to show instability, one has to show that the second derivative of the GP functional
at some given stationary state φ(x) = fn(r, z) einϕ is negative in some direction. More
precisely,

Q(w) ≡ 〈w|H0 + 16πg|fn|2 − µ̃n + n|Ω||w〉 + 8πg Re
∫

φ∗2w2 < 0 (A.20)

for some w with 〈φ|w〉 = 0. Here Re denotes the real part of a complex number. We will
choose a w that, when added to the function fn(r, z) einϕ , effectively splits the central vortex of
degree n into n different vortices of degree 1 that are arranged symmetrically around the axis
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r = 0. The idea is that for large enough n a splitting of a central vortex like this should lower
the energy of the GP functional, and therefore the second derivative given by Q(w) should be
negative.

Let n � 1, and let w1 ∈ H 1(R2) be a radial function, with ‖w1‖2 = 1 and support in a
ball of radius 1. Let v ∈ H 1(R), with ‖v‖2 = 1, and choose as a trial function for Q

w(r, z) = (
2c2

nµ̃n

)1/2
w1
((

2c2
nµ̃n

)1/2
r
) 1

L1/2
v(z/L) (A.21)

with cn given in (A.13), and L � 1. Note that cn = O(n−1/2) for large n and, by (1.2)
and (A.1),

µ̃n � inf
x

{
n2

r2
+ V (x)

}
� nω − Cω (A.22)

for any ω < �c and some constant Cω depending only on ω. Therefore c2
nµ̃n � const

independent of n and g. Using (2.8) this implies that

〈w|V |w〉 � const Lp. (A.23)

Denoting Tr = 〈w1|−�r |w1〉, Tz = 〈v|−∂2/∂z2|v〉 and Mn = ∫
d2r r2nw1, we get the bound

(note that the last term in (A.20) is zero for the w under consideration, since n � 1)

Q(w) � n|Ω| − µ̃n + 2c2
nµ̃nTr + Tz + const Lp + 16π

g

L
‖r−2njn(r)‖∞Mn. (A.24)

For some fixed ε > 0 and n large enough, choose L such that the right-hand side of (A.23)
equals εµ̃n. For this choice of L,

‖r−2njn‖∞ � C̃ε

L

g
µ̃n (A.25)

for some constant C̃ε depending only on ε, as can be seen from lemmas 5–7 and the fact that,
for large µ̃n, R ∼ µ̃

1/p
n if δn(R) = O(1) in (A.5), again by our assumptions (2.8) and (2.9)

on V . Using these estimates in (A.24) we obtain

Q(w) � n|Ω| − µ̃n

(
1 − ε − 2c2

nTr − 16πC̃εMn

)
+ Tz. (A.26)

Since |Ω| < �c by assumption, and both c2
n and Mn tend to zero as n → ∞, we can choose ε

appropriately to conclude from (A.22) that the right-hand side of (A.26) is negative for n large
enough.

We have thus shown that for some NΩ, independent of g, all minimizers of the GP
functional restricted to eigenfunctions of the angular momentum Ω · L with eigenvalue
n � NΩ are unstable and therefore cannot be absolute minimizers of the GP functional.
Together with the result (A.19) above this proves theorem 1. �
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